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Induction 2009-12

Sﬂﬁ]sgi;n Scheme Marks
4 1 1 1 1
Whenn=1,LHS = ==, RHS = —==.So LHS = RHS and result true for | g1
1x2 2 1+1 2
n=1
k k+1 M1
Assume true for n = k; ! :L and so Z L = K + L
=r(r+1) k+1 =r(r+) k+1 (k+1)(k+2)
M1 Al
ki 1 k(k+2)+1 _ k*+2k+1  (k+1)* _k+1
=r(r+) (k+)k+2) (k+D)k+2) (k+D)(k+2) k+2
and so result is true for n = k + 1 (and by induction true for neZz*) | Bl -
Notes:

Evaluate both sides for first B1
Final two terms on second line for first M1

Attempt to find common denominator for second M1.

Second M1 dependent upon first.

k+1 for Al
k+2

‘Assume true for n =k ’and ‘so result true forn = k +1” and correct solution for final B1
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Question Scheme Marks
Number
Q8 (a) f(1) =5+8+3 =16, (which is divisible by 4). (.. True forn = 1). Bl
Using the formula to write down f(k + 1), f(k+1)=5"" +8(k+1)+3 M1 Al
fk+1)—f(k)=5" +8(k +1)+3-5" -8k -3 M1
=55 )+ 8k +8+3 -5 —8k—3=4(5)+8 Al
f(k +1) =4(5" +2)+f(k), which is divisible by 4 ALft
.. True for n =k + 1 if true for n = k. True for n =1, .".true for all n. Alcso @)
(b) 2n+l —2n) (3 -2) (3 -2)
Forn=1, = = (. True forn=1.) B1
2n 1-2n 2 -1 2 -1
30T (2k+1 2k \(3 -2 (2k+3 -2k-2 M1 A1 AL
2 1) 2k 1-2k)(2 -1) (2k+2 —2k-1
(2(k+D+1 2(k+]D)
L 20k+1) 120k +1) M1 Al
~.True forn =k + 1 if true for n = k. True for n=1, ..true for all n Al cso -
7
[14]
(@ f(k+1)=5(5")+8k+8+3 Ml
Alternative
for 2 M: =4(5")+8+ (5" +8k+3) Alor =5(5"+8k+3)-32k—4
=4(5" +2)+1f(k), or =5f(k)—48k+1)
which is divisible by 4 A1 (or similar methods)
Notes (a) BI Correct values of 16 or 4 forn =1 or forn =0 (Accept “is a multiple of )
M1  Using the formula to write down f(k + 1) A1 Correct expression of f(k+1) (or for f(n +1)
M1 Start method to connect f(k+1) with f(k) as shown
Al correct working toward multiples of 4, A1 ft result including f(k +1) as subject, Alcso
conclusion
(b) B1 correct statement forn=1orn=0
First M1: Set up product of two appropriate matrices — product can be either way round
A1 A0 for one or two slips in simplified result
A1l Al all correct simplified
A0 A0 more than two slips
M1: States in terms of (k + 1)
A1 Correct statement A1 for induction conclusion
(3 2\ (2k+3 —2k-2
May write = . Then may or may not complete the proof.
Part (b) 2 -1 2k+2 2k-1
Alternative

This can be awarded the second M (substituting £ + 1)and following A (simplification) in part (b).
The first three marks are awarded as before . Concluding that they have reached the same matrix and
therefore a result will then be part of final A1 cso but also need other statements as in the first
method.
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Question

Number Scheme Marks
< ()13131 d 1x12x22 21
a = = an —x1"x =
; ; B1
Assume true forn =k :
k+1 B1
> =1k2(k +1)2 + (k+1)°
r=1 4
1 2[5 2 1 2 2 M1 Al
S0+ I3 +4(k+1)]=z(k+1) (k+2)
s Trueforn=k+ 1iftrue forn=*.
True forn =1, Alcso
~.true for all . )
3 1 2 2 1
(b) Zr +32r+22=zn (n+1)°+3 En(n+1) , +2n B1, B1
_ %n[n(n+1)2 +6(n+1) +8] M1
1 3 2 1 2
:—n[n +2n°+7n +14]:—n(n+2)(n +7) *) Al Alcso
4 4 (5)
25 25 14
©> =>-> with attempt to sub in answer to part (b) | M1
15 1 1
= %(25 x 27 % 632) — % (14 %16 x 203) = 106650 — 11368 = 95282 Al
2)
[12]

Notes
(a) Correct method to identify (k +1)*as a factor award M1

%(k +1)%(k +2)* award first Al

All three elements stated somewhere in the solution award final Al
(b) Attempt to factorise by » for M1

% and n® +2n® +7n+14 for first Al

(c) no working 0/2
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Question Scheme Marks
Number
9. <, 1 1 -
(@) Ifn=1, Zr =1 and En(n +1D)(2n+1) = EXlX 2x3=1, sotrueforn=1. B1
r=1
Assume result true forn = k M1
k+1 l
Do ="k(k+1)(2k +1) + (k +1)° M1
] 6
=%(k +1)(2k* + Tk +6) or =%(k+2)(2k2 +5k+3) or :%(2k+3)(k2 +3k+2) | aq
= % (k+1)(k+2)(2k+3) = %(k +1) ({k +B+1)(2{k +1}+1) or equivalent dM1L
True for n = k + 1 if true for n = k, (and true for n = 1) so true by induction for all n. | Alcso
(6)
Alternative for (a) After first three marks B M ML1 as earlier : B1IM1M1
M1
May state RHS:%(k +1) ({k+3+1)(2{k + 1 +1) :%(k +1)(k + 2)(2k + 3) for third M1 d
Expands to %(k +1)(2k° + 7k + 6) and show equal to kirz = %k(k +1)(2k +1) + (k +1)°* for Al Al
So true for n = k + 1 if true for n = £, and true foir n =1, so true by induction for all n. | Alcso
(6)
(b) Z(r2+5r+6)=2r2+52r+ (26) M1
r=1 r=1 r=1 r=1
1 D(2n+1 > 1 6
En(n-i— )(2n + )+§n(n+ ), +6n Al B1
1
== +1)(2n+1) +15(n+1) + 36
=l +1)(2n+1) +15(1 +1) + 36] M1
~Lln? v18n+52)=tunt von+26)  or a=9,b =26
"6 3 ’ Al
(®)
2n 1 5 1 5
© D (r+2)(r+3) = §2n(4n +18n + 26) —gn(n +9n+ 26) M1 ALft
r=n+l
Al
%n(SnZ +360+52—n% —9n—26) = %n(m? +27n+26) (*) | )
14 marks

Notes:

(@) B1: Checks n = 1 on both sides and states true for » = 1 here or in conclusion
M1: Assumes true for n = k (should use one of these two words)

M1: Adds (k+1)th term to sum of & terms

Al: Correct work to support proof

M1: Deduces n(n+1)(2n+1)withn =k +1

Al: Makes induction statement. Statement true for » = 1 here could contribute to B1 mark earlier
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Question 9 Notes continued:

(b) M1: Expands and splits (but allow 6 rather than sigma 6 for this mark)
Al: first two terms correct

B1: for 6n

M1: Take out factor »n/6 or n/3 correctly — no errors factorising

Al: for correct factorised cubic or for identifying « and b

2n n
(€) ML: Trytouse ) (r+2)(r+3)— > (r+2)(r+3) with previous result used at least once
1 1

Alft Two correct expressions for their a and b values
Al: Completely correct work to printed answer
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Question Scheme Marks
Number
9. U, =4u, +2, uy=2 and u, =%(4" -1)
n=1, u=%2(4-9)=2@3)=2 Check that u, = 2(4" -1)
. . — | Bl
So u, is true when n =1. yields 2 when n =1.
Assume that for n=k that, u, =2(4" -1) is true
for keZ".
Thenu, , =4u, + 2
Substituting u, = 2(4“ - 1) into
=4(2(4* -1)+2 gu =34 -1 M1
U,,, =4u, + 2.
) .
—3(4) -2 42 An attempt to multiply out the M1

— %4k+1 _%
:%(4k+1 _1)

Therefore, the general statement, u, =2(4" - 1) is
true when n=k+1. (As u, istrue for n=1,)
then u,, is true for all positive integers by
mathematical induction

brackets by 4 or £

2(4 -1y | AL

Require ‘“True when n=1’, ‘Assume
true when n=k’ and ‘True when | Al
n =k +1 "’ then true forall n o.e.

®)
[5]
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Question Scheme Notes Marks
Number
3 0) (30
9. (a) n=1; LHS= =
6 1 6 1
! 30
33' 1) 1 6 1
Check to see that the result is
As LHS = RHS, the matrix result is true for n = 1. true for n = 1. Bl
Assume that the matrix equation is true for n =k,
(3 0 30
ie. = )
6 1 33 -1) 1
With n = k+1 the matrix equation becomes
3 0)" (3 0)(3 0
6 1) |6 1)l6 1
3 0)(3 0) (30 30 30 3.0
=|_ or ) 5 by Mi
33 -1 1){6 1 6 1){33" -1 1 33 -1) 1 6 1
_ 3+ 0 0+0 or 3+ 0 0+0 Correct unsimplified matrix with Al
93 -1 +6 0+1 6.3“+33-1) 0+1 nO errors seen.
3k+l 0
9@y -3 1
3k+1 O
13339 -1) 1 ]
~ ke 0 Manipulates so that k— k+1 M1
= 3 (3k+1 ) 1 on at least one term.
Correct result with no errors seen
with some working between this Al
and the previous Al
If the result is true for n=k{ 1) then it is now true for
n=k+1. (2) As the result has shown to be true for c . usi _—
1T n 10n with a
n = 1,(3) then the result is true for all n. (4) All 4 pr(évf;uscfn;ﬁl: e(;rnV;d Al cso
aspects need to be mentioned at some point for the
last Al.
(6)

11
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Question Scheme Notes Marks
Number
9. (b) f()=7"+5=7+5=12, Shows that f (1) =12. Bl

{which is divisible by 12}.
{..f(n) is divisible by 12 when n=1.}

Assume that for n=Kk,
f(k) = 7'+ 5 is divisible by 12 for k € ¢ *.

So, f(k +1)= 72601 1 5 (t;z);ricf)unamphﬁed expression for Bl

giving, f(k +1)=7*" +5

Applies f(k+1)—f(k). No
s f(k+1) = f(k) = (72k+1 + 5) - (72k71 + 5) simplification is necessary and M1
condone missing brackets.

— 72k+l _ 72k—1
=74 (72 - 1) Attempting to isolate 72" Ml
=48(7* ) 48(7%") Alcso

o f(k+1) = f(k) + 48(7%"), which is divisible by
12 as both f(k) and 48(7*"") are both divisible by
12.(1) If the result is true for n =k, (2) then it is now | Correct fonclll(ls;gn V,Vtith ng Al
true for n =k+1. (3) As the result has shown to be [eoTreet Work. Oml T eondone %0

missing brackets.
true for n =1,(4) then the result is true for all n. (5).

All 5 aspects need to be mentioned at some point
for the last Al.

(6)
There are other ways of proving this by induction. See appendix for 3 alternatives.
If you are in any doubt consult your team leader and/or use the review system.

12

12
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Question Scheme Notes Marks
Number
Aliter
dy 1 2\/5
8. (c Z-2f3xi =02 Bl
(c) I N
Way 2
Gives y—12=2(x-3) Uses (3, 12) and their “2” to find the M1
equation of the tangent.
X=—12=y—12=2(~12-3) Substitutes their X from (a) into their M1
tangent
y=-18
So the coordinates of X are (—12, —18). Al
4
Question Scheme Notes Marks
Number
Aliter
9. (b) f()=7"""+5=7+5=12, Shows that f(1) =12. Bl
Way 2 | {which is divisible by 12}.
{..f(n) is divisible by 12 when n=1.}
Assume that for n=k,
f(k) = 7'+ 5 is divisible by 12 for k € ¢ *.
So, f(k +1)=7**""" 45 ‘ Correct expression for f(k + 1). Bl
giving, f(k +1)=7*" +5
T 4 5=49x 7 45 Attempt to isolate 72! Ml
=49x (72k_1 + 5) -240 M1 Attempt to isolate 7' + 5 M1
f(k+1)=49xf(k)—-240 Correct expression in terms of f(K) Al
As both f(k) and 240 are divisible by 12 then so
is f(k + 1). If the result is true for n =k, then it
is now true for n =k+1. As the result has Correct conclusion Al
shown to be true for n =1, then the result is true
for all n.
(6)

14
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Question Scheme Notes Marks
Number
Aliter
9. (b) f()=7"+5=7+5=12, Shows that f(1) =12. Bl
Way 3 | {which is divisible by 12}.
{..f(n) is divisible by 12 when n=1.}
Assume that for n =k, f(k) is divisible by 12
sof(k) = 7"+ 5=12m
So, f(k +1)=7**"1 15 Correct expression for f(k + 1). Bl
giving, f(k +1)=7"*" +5
TR L 5=T72 7 45497 15 Attempt to isolate 7% M1
=49><(12m—5)+5 Substitute for m M1
f(k +1)=49x12m-240 Correct expression in terms of m Al
As both49x12m and 240 are divisible by 12
then so is f(k + 1). If the result is true for n =k,
then it is now true for n =k+1. As the result Correct conclusion Al
has shown to be true for n =1, then the result is
true for all n.
(6)

15
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Question

Number Scheme Notes Marks

Aliter

9. (b) f()=7"+5=7+5=12, Shows that f (1) =12. Bl

Way 4 | {which is divisible by 12}.
{..f(n) is divisible by 12 when n=1.}
Assume that for n=k,
f(k) = 7%*"'+ 5 is divisible by 12 for k € ¢ *.
f(k +1) +35f(k) = 72 P14 54357 +5) Correct expression for f(k + 1). B1

Add aEpropriate multiple of f(k)
f(k +1) +35f(k) = 7" + 5+ 35(7%*" +5) For 7% this is likely to be 35 (119, 203,.) | M1
For 7' 11 (23, 35, 47,..)
giving, 7.7% +5+5.7% +175 Attempt to isolate 7% M1
=180+12x 7™ =12(15+7*) Correct expression Al
~f(k+1)=12(77* +15)-35f (k). As both (k)
and 12(72k +15) are divisible by 12 then so is
f(k + 1). If the result is true for n =k, thenitis | Correct conclusion Al
now true for n =k+1. As the result has shown
to be true for n =1, then the result is true for all
n.
(6)

16
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Question Scheme Notes Marks
Number
1
6(a) n=1,LHS=f=1, RHS= 2 % Ax 2= | Showsboth LHS = 1and RHS = 1 B1
Assume true for n = k
Whenn=k+1
kirs :lkz(k+1)2+ (k + 1) Adds (k + 1§ to the given result M1
= 4
Attempt to factorise ou%(k +1)? dMm1
1
. (k +2)’[k* +4(k +1)] Correct expression with
%(k +1)*factorised out. Al
=2 (k27 (k+ 27
4 Fully complete proof with no errors and
Must see 4 things: true forn 5 1 comment. All the previous marks must | Alcso
assumption true for n = lsaid true for | have been scored.
n = k + 1and therefore true for all n
See extra notes for alternative approaches (5)
(b) D(-2)=>r->2 Attempt two sums M1
dr¥=>"2n is MO
1 .
=7 n?(n+1)°-2n Correct expression Al
_n, g, 2k Completion to printed answer with no
_Z(n ton+n-8) errors seen. Al
3)
(© 50 Attempt Ssp— So or So— Seand
Z (r’-2)= @x130042_ 19, 759 | substitutes into a correct expression at | M1
1220 4 4 least once.
(: 1625525~ 3606)2 Correct numerical expression Al
(unsimplified)
=1 589 463 cao Al
3)
(c) Way 2 M1 for (Sso— So0r So | Total 11
r=50 =50 1=50 50 19 — Siofor cubes) — (2x3(

r=20 r=20 r=20 4

Z(r3—2):2r3—2(2):—x512—7x 20 - % 3: or 2x31)

Al correct numerical
expression

=1 589 463

Al
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Question

Number Scheme Notes Marks
10. f(n) =2>"' + 3* 'is divisible by 5.
fl)=2"+3 =5, Shows thaff (1) = 5. B1
Assume that fon =k,
f(k) =2%** + 3* ' is divisible by 5 fork 0 ¢ *.
M1: Attemptsf(k +1) — f(K).
_ — ~2(k+1)-1 2k+1)- 1 _ x-1 - 1)
f(k+1) - (k) =2 +3 (2 +3 ) Al: Correct expression fork@ 1) M1A1
(Can be unsimplified)

- 22k+1 + 32k+1 _ 22(—1_ 32(—]

- 22k—1+ 2 + 32k—1+ 2 _ 22(—1_ 32— 1

_ k-1 k-1) _ k-1 _ k-1 Achieves an expression

_4(22 )+g(§ ) 2 ¥ in 2%"* and3* ! M1

=3(2* 1) + g(3)

— 3(22k—1) + 3(§k—1) + 5( gk—l)

= 3f(k) + 5(F)

— k-1
Of(k+1) =4f(k) + 5(32 ) or Where fk + 1) is correct and is Al
AP+ P+ 5( §k-1) clearly a multiple of 5.
If the result is true for n=k, then itis now true | -grect conclusioat the end,at
for n=k+1. As the result has shown to be true | least as given, and all previous mark&1 cso
for n=1,then the result is true for all n. scored.
[6]
6 marks

All methods should complete to  + 1) = ... where f(k +1) is clearly shown to be divisible
by 5 to enable the final 2 marks to be available.

Note that there are many different ways of proving this result by induction.
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Question Scheme Notes Marks
Number
f(n) =2°"' + 3" ' is divisible by 5.
Aliter
10.
Way 2
f1)=2+3 =5 Shows thaff (1) = 5. B1
Assume that fon =k,
f(k) = 2" + 3* ' is divisible by 5 for
kO¢™.
M1: Attemptsf(k +1).
f(k+1) = 2200t 4 gons Al: Correct expression forki@ 1) M1A1
(Can be unsimplified)
- 22k+l + 32(+l
= 4(22k_1) + 9( §k_1) Achieves an expression 2f* "*and3* " | M1
fk+1)=4(2* " + F) + 5 37)
— k-1

or f(k+1) = 4f(k) + 5(32 ) Where fk + 1) is correct and is clearly a Al
orf(k +1) = 9f (k) - 5( 22k-1) multiple of 5.
orf(k+1) = 9( 2" + 31— f )
If the result is true for n=k, then it is now
true for n=k+1. As the result has shown td Correct conclusioat the end at leastas | Al cso

be true for n=1,then the result is true for
all n.

given, and all previous marks scored.

[6]
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for n=1,then the result is true for all n.

scored.

QNtenigg? Scheme Notes Marks
Aliter f(n) =2*"' + 3" *is divisible by 5.
10.
Way 3
f(1)=2"+3 =5, Shows thaff (1) = 5. B1
Assume that fon =k,
f(k) = 2% + 3* ' is divisible by 5 fork O ¢ *.
M1: Attemptsf(k +1) + f(K).
— (k+1)- k+1)- X- k-
f(k+1) +f(K) = 2707075+ 37670724 23714 357 AL: Correct expression forkg- 1) | M1AL
(Can be unsimplified)
- 22k+1 + 32k+1+ 22(—1+ 31(—]
- 22k—1+2 + 32(—1+ 2+ 22(—1+ 32—1
_ k-1 o1 1 1 Achieves an expression
_4(22 )+2 +9(3& )+3?& in 22~ and 3! M1
=5(2*) + 10 3)
:5(22k—1) + 5(32k—1) + E(gk—l)
=5f (k) + 5(3*)
— k-1
Of(k+1) = 4f (k) + 5(32 ) or Where fk + 1) is correct and is Al
4(22k—1 + 32k—1) + 5( ék—l) clearly a multiple of 5.
If the result is true for n =k, then it is now true Correct conclusioat the end at
for n=k+1. As the result has shown to be true | |east as given, and all previous mark&1 cso

[6]

6 marks
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Question

Scheme Notes Marks
Number
Aliter f(n) =2*' + 3" tis divisible by 5.
10.
Way 4 fQ)=2"+3 =5, Shows thaff (1) =5. | B1

Assume that fon =k,
f(k) =2%* + 3* ' is divisible by 5 fork O ¢ *.

f(k+1) =f(k +1) +F(K) ~f(K)

f(k‘l‘l) - 22(k+1)—1 + 32(k+1)— 1 + 22(—1+ 32— 1_ (22— 1+ 3I2— 1}

M1: Attempts
f(k+1) + f(K) —f(K)

Al: Correct expressionM1Al

for f(k + 1)
(Can be unsimplified)
Achieves an
= 4(22k'1) +9( §k‘1)+ Pl 3““1—( >x 1y 3“‘1) expression M1
in 2% and 31
— 5(22k—1) +1C( szk—l)_( Z?k—l_l_ 33(—1)
=5( (22k—1) + 2( §k—1)) _( -1y 3¢<—1)
Where fk+ 1) is
_ k-1 k-1)) _ k-1 k-11) _ -1 -1 - | correct and is clearly a Al
_5((22 )+2(§ )) fec)or 5((2 )+2(§ )) (2( +3 | multiple of 5.
If the result is true for n=k, then itis now true for n=k+1. As | Correct conclusiomt
the result has shown to be true fom =1, then the result is true fof the end. atleastas | Al
I given, and all previous cso
altn. marks scored.
(6]
6

marks




